PaBHOMepHan ou,eHKa KOScJxJjHi^HeHTa cnjibHoro 

nepeMeniHBaHHH h MaKCHMyMa ocTaTOMHoro 
SMnnpHHecKoro npcmecca b ARCH(p) MO^ejiH. 
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^ : 1 BBe^eHHe. 

Ha npoTAJKeHHH HecKOJibKHx nocjie^HHx ^ecflTHjieTnii reTepocKe,nacTHHecKHM 
MOflejiHM SbiJio nocBHineHO 3HanHTejibHoe hhcjio TeopeTHnecKnx HCCJie,a,OBaHHH. Ohh 
TaKJKe HaxoflaT ninpoKoe npHMeHemie Ha npaKTHKe. Ba30Boii ^Jia Bcero ceMeficTBa 
reTepocKeflacTHnecKHx MO^ejieii aBJiaeTca ARCH(p) MO^ejib, npefljioaceHHaa 
Po6epTOM 3HrjieM (Robert F. Engle) b 1982 ro^y b pa6oTe pj. 

Onpe^ejieirae 1 ARCH(p) Modejih onpedeAMemcM Kan pemenue CAedyioiyeso 
t^. ' ypaenenusi: 

y t = a t (&)c t , a 2 (a) = a + a 1 y 2 _ 1 + ... + a p y 2 _ p , t e Z, (1.1) 



zde {yt\-Ha6jiK>deHUH (,3a ./iosapu$MunecKUMU npupau^enuMMU yenu neKomopozo 
anmuea), a := (oq, di, . . . , a p )* - eenmop Heu3eecm,Hux napajuempoe (* - 3hclk 
mpancnoHupoeaHUii) , a > 0, di > 0, . . . , a p > 0, <7i(a) - g^yHKyuH eoAamuAbHocmu, 
{e t } - H.o.p.c.e. c Heu3eecmHou gjyHKyueu pacnpedeAeHUM G(x). 



O 
^— > 

B 

■ Ilocjie noflBjieHHa ARCH(p) Mo^ejiH 6bijio npe^jio>KeHO MHO>KecTBO ee 

H3MeHeHHH h o6o6meHHH. Mbi ynoMaHeM tojibko HanSonee nacTO iiHTnpyeMyio h 
ynoTpe6jiaeMyio Ha npaKTHKe GARCH(p, q) MO^ejib (cm. [B]). 

OflHOH H3 CaMblX HHTepeCHblX H Ba>KHbIX CTaTHCTHHeCKHX 3aflaH flJIH ARCH(p) 

MOflejiH HBJiaeTCH oueHKa BeKTopa napaivieTpoB a. Han6ojiee H3BecTHbiMH THnaMH 
on,eHOK hbjihiotch ou,eHKH MaKCHMajibHoro npaBfloncmoSHfl (cm., HanpHMep, o63op 
|19j ) h on,eHKH KBa3H-MaKCHMajibHcro npaBflonoflo6HH (cm. [12J, [16J, [20J). 

B pa6oTax [I], [2], [Ej, [1H| . [22J , npe^jiarajica MeTcm HccjieflOBaHHH 
ohchok h TecTOB ^jih (G)ARCH MO^ejin, ocHOBaHHbin Ha hohhthh ocTaTOHHoro 
SMnnpHHecKoro npoHecca. Oh ,naeT bosmcokhoctb e^HHbiM cnoco6oM ^OKa3aTb 
acHMnTOTHnecKyio HopMajibHOCTb pa3JiHHHbix THnoB oueHOK, Hcnojib3ya jiHHenHoe 
pa3Jio>KeHHe c-CTaTOHHoro SMnHpnnecKoro npou,ecca. TaKoii MeTcm TaK>Ke xoponio 
H3BecTeH fljia jiHHeiiHbix MO^ejieii (cm., HanpHMep, ^1], [10J) . 

IlpejKfle neM nepefiTH k nocTpoeHHio ocTaTOHHoro SMnnpHHecKoro npouecca 
h (popMyjinpoBKe ocHOBHbix pe3yjibTaTOB pa6oTbi, 3aMeTHM, HTO MO^ejIb 1)1.1)) c 
HeH3BecTHOH G(x) He HBJiaeTCH udenmugjuyupyeMou. ^eflcTBHTejibHO, 3aMeHa BH^a 
e' t = et/'-f, a' Q = a 7 2 , . . . , a' p = a p 7 2 c 7 > npHBCflHT k TOMy xe npon,eccy 
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{y' t = y t }. Mm iiojiojkhm ao = 1, TeM caMbiM no,n;pa3yMeBaa, aTO Ha6jno,naeMbiH 
npoaecc {yt} aBJiaeTca peajiiisaaaeH MO^ejin 1)1.1)) c ao = 1. Jlflz 3Toro ^ocTaTOHHO 
c^ejiaTb onHcaHHyio 3aMeHy 07:= (ao) -1 / 2 . TaKHM o6pa30M, b ^ajibHennieM mm 
paccMaTpiiBaGM Mo^ejib 

y t = cr t (a)e t , a 2 (a) = 1 + a x y 2 t ^ x + . . . + a p y 2 _ p , t G Z, (1.2) 

Mbi SyfleM onycKaTb ao b 3anncH a h o6o3HaaaTb a := (a 1; . . . , a p )*. IlpeflnojioJKHM, 
hto G(x) aScojiiOTHO HenpepbiBHa OTHOCirrejibHO Mepbi Jle6era c njiOTHOCTbio g(x). 
IlycTb BbinojiHeHO cjieayioiHee 

YcjiOBne 1.1 

Eei = 0, Ee\ < 00 > Ee\{a\ + . . . + a p ) < 1, gr(a;) > 0. 

Toraa (cm. [3 CTp. 106-107]), ypaBHeHne ()1.2|) HMeeT eflHHCTBeHHoe CTporo 
CTaHHOHapHoe pemeHiie, o6o3HaaaeMoe b flajibHeflnieM {yf} hjih npocTO {yt}- By^eivi 
TaK>Ke nojiaraTb Yf = (yf, y t % +1 )*. 

CorjiameHHe 1 06uhho djisi conpau^eHUH 3anucu mu 6ydeM onycnamb eepxHuu 
undeKC a y eeAUHUH, saeucnu^ux om {y%}. Hanpujuep, 6ydeM noAasamb y t = 
y?,Y t = Y«,.... 

C uejibio coKpanjeHiia H3JicoKeHHa SyneM npe^nojiaraTb, hto Eef > (3 a fljia 
HeKOToporo 3apaHee H3BecTHoro f3 a > (ochobhbig pe3yjibTaTbi MoryT 6biTb 
flOKa3aHbi h 6e3 TaKoro npe,a,nojio>KeHHH) . IlycTb || • ||i h || • || o6o3HaaaiOT 
cooTBeTCTBeHHO L\ h L 2 HopMbi. C yaeTOM yciTOBHA 11.11 oneBH^HO, HMecM Hall! < 
/3~ . TaKHM o6pa30M, o6jiacTb ^onycTHMbix 3HaaeHHH ajia a HMeeT bh^ 

6 := {a G W : a ± > 0, . . . a p > 0, ||a||i < ft' 1 }. 

riepeiiaeM k nocTpoeHHio ocTaTOHHoro SMnHpHaecKoro npoirecca fljia MO^ejin 

JO}. nOJIO>KHM flJIH 9 G 6, U G W, t = 1, ... ,71 

8(9, U) := 1 + OxTJl + --. + 9 P U*, a 2 (9) := s(9, Y t _i). 

OnpeflejiHM ocTaTKH fljia ypaBHeHHH 1)1. 2|l cooTHOHieHHeM := ytC^ 1 ^), 9 G G. 
IIojicokhm 

G„M) ^ra^Ifo^) <*}, 
t=i 

r,ne /{•} - HHaiiKaTop coSmthh. cDyHKHiia G n (x,9) Ha3biBaeTca ocTaTOHHOH 
SMnHpaaecKoii (p.p. IlycTb ip(XJ,9) := (</?i(U, #), . . . , y> p (U, #))*— HeKOTopaa 
(pyHKn,iia, y> : M p x 6 -> W. 

Onpe^ejieHne 2 OcmamouHuu 9MnupuuecKuu npov,ecc ~W n (x,9) onpedejinemcH 
coomnomeHUHMU 

W n (x, 9) := (W nA (x, 9),..., W n , p (x, 9))*, 

W nij (x, 9) := n 1 ' 2 ^(Yt-i, 0)[I{£ t (6) < x} - G n (x, 9)],j = l,...,p, 
edeneN, xE R, 9 G 0. 
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CorjiaineHne 2 3decb u e daAbneumeM Mnowcecmeo unmezpupoeanun coenadaem 
c R, cyMMupoeaHue npoeodumcn no t om 1 do n, u npedeAbnuu nepexod 
ocymecme/iHemcH npu n — > oo, ecjiu neno ne yna3ano odpamnoe. 

B paSoTax |T], [221, [ISJ paccMaTpiiBajiHCb jx&& Tiina ouerioK - ou,ghkh 

MHHHMajibHoro paccToarraa h Generalized M oueHKH. HanoMHiiM hx onpe^ejieriiie. 

Onpe^ejieHne 3 LTycmb d)UKCupoeana nenomopan d).p. F(x). Tozda pemenue 
9KcmpeMaAbHou 3adauu 



Ha3ueaemcfi ou,enKou MunuMaAbnoso paccmonnun (e daAbneumeM MD). 

Onpe^ejieHne 4 Ilycmb djuKcupoeana d^ynnyun ip(x). Tozda pemenue 
(eeKmopnoso) ypaenenun 



zde ip n (0) := n 1 ij){e^{9)), na3ueaemcsi Generalized M ou,enKou (e daAbneumeM 



Hecjio>KHO 3aivieTHTb, hto uejieBbie dpyHKiriiOHajibi (jieBbie nacTii) ^Jia o6onx 
TiinoB oneHOK MoryT 6biTb Bbipa>KeHbi KaK cpyHKiriiii ot o.s.n. J\jih MD oneHKii sto 
o^ieBiiflHO, a b cjiynae GM HMeeT MecTO cooTHorneHiie l n {9) = — J W n (x,9)dip(x). 
IloBTOMy fljia ^OKa3aTejibCTBa aciiMnTOTii^ecKoii HopMajibHOCTii oiieriOK MO)KeT 
6biTb npiiMerieHa TexriiiKa, ocHOBaHHaa Ha paBHOMepHofi aciiMnTOTiiHecKoii 
jiiiHefiHOCTH o.B.n. BBe^eM flonojiHHTejibHbie onpeflejieHna. IIojicokhm ^Jia U G MP, 



9e&, k = l,...,p 

e k (V, 9) := U 2 k s(9, U)~\ e°(U, 9) := (e°(U, 9), . . . , eJ(U, 6))\ 

e° a (U, 9) := e fc (U, 9) - Ee k (Y a , 9), e 0a (U, 9) := (e? a (U, 9),..., e° p a (U, 9))*, 
^ a (U, 9) := <p k (XJ, 9) - E Vk {Yl 9), <p 0a (\J, 9) := (^ a (U, 9),..., ^ a (U, 9))*, 
^ e (a) := i^(Y a ,a)[e 0a (Y a ,a)]*, S^(a) := i^W, a) [^(Y a , a)]*, 
W n (x,9) := W n (x, a) + (l/2)n 1 / 2 xg(x)S^ e (s.)(9 - a). 



Onpe^ejieHne 5 (Cm. [llj, TjiaBa 5.) BydeM soeopumb, nmo 8ah o.a.n. 

eunoAneno ceoucmeo paenoMepnou acuMnmomuuecKou Auneunocmu (Asymptotic 
Uniform Linearity, AUL), ecAU 3ah ak>6oso B < oo 




l n (9) := 5>(Y*-i,0)V<£ f n (0)) -J2^t-i,0)iJ n (9) = 0, 



GM). 



sup ||W n (x, sl + u 

s\\<B 



/2 s) - W n (a;,a + r2" 1/2 s)|| 
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KaK noKa3biBaeTca b paSoTax ^T], ^H], H3 AUL jierKO cjie^yeT acHMnTOTHnecKaa 
HopiviajibHOCTb ,h,jih mnpoKoro KJiacca ohchok b jinHeimbix no e MO^ejiax, 
ocHOBaHHbix Ha o.B.n. (HanpHMep rjir MD), b npe,a,nojio>KeHHH hx n 1 / 2 - 
cocToaTejibHOCTH. ,Hjih jiHHeiiHbix Mo^ejien n 1//2 -cocTOHTejibHOCTb aBTOMaTHnecKH 
HMeeT MecTO, Tax KaK o.s.n. mohotohho 3aBiicHT ot 6 (cm. ^eTajin b |.HJ). 
B cjiynae ARCH(p) MO^ejin bto He TaK. ,ZLth ee ycTaHOBJieHna b paSoTe 
|17j 6bui npefljio>KeH GJie,n;yiOHrHH MeTOfl. Bmjio ^OKa3aHO, hto paBHOMepHO BHe 
n _1 / 2 -OKpecTHOCTH a o.s.n. npnHHMaeT "Gojibimie" 3HaneHHH. C 3toh nejibio 
Hcnojib30Bajiocb cnennajibHoe MaKCHMajibHoe HepaBeHCTBO ,njifl o.a.n. BBe^eivi ern;e 
o^ho onpe^ejieHHe. IIojiojkhm ,h,jih 9 G 0, a G 

b a (x, 6) := E<p(Y%, e)I{e a 1 (6) < x} - E(p(Y%, 6)P(e a 1 (6) < x). 



Onpe^ejieHne 6 BydeM soeopumb, nmo o.a.n. ozpanuneH no eeposmmocmu c 
moHHocmbw do \\9 — a||, ecAu 3asi aw6ux p > 0, k — 1, . . . ,p 

sup(W n>k (x, 6) - n 1/2 b a k {x, 6) ± n 1/2 p\\6 - a||) T = O p (l). (1.3) 
eee 

B pa6oTe p2j aHajior ljl.3j) ycTaHaBJinBajica ,h,jih o.B.n. b ARCH(l) MOflejin. 

MOJKHO npOBepHTb, HTO CJie^yiOHi;He yCJIOBHH HBJIHIOTCH flOCTaTOHHblMH flJIH 
n 1 / 2 -COCTOHTejIbHOCTH COOTBeTCTBeHHO MD H GM OHeHKH, B npe^nojio>KeHHH 

cnpaBeflJiHBOCTH (jl.3j) . 

YcjiOBne 1.2 JJjim neKomoposo 5$ > u ak>6ux a G 5 , 9 G 

J \\h a (x,6)\\ 2 dF(x) > 5 Q \\6-a\\ 2 . 

YcjiOBne 1.3 /Jam neKomopozo 5q > u ak>6ux a G 5 , 6 G 



h a (x,6)di)(x) 



> 5oll^-a| 



KaK npn flOKa3aTejibCTBe AUL, TaK n npn flOKa3aTejibCTBe orpaHnneHHOCTH no 
BepoaTHOCTH c tohhoctbio ,3,0 ||(9 — a|| o.s.n., BajKHyio pojib nrpaeT oneHKa CKopocra 
y6biBaHna 3aBHCHM0CTH nponecca {yf}- B nepBOM cjiynae ,o,ocTaTOHHO npocTO 
3pro,nHHHOCTH (cm., Hanpniviep, cm. [H], p])- A- 113 flOKa3aTejibCTBa aHajiora 

(|1.3jl HeoSxo^HMO 6ojiee CHJibHoe orpaHnneHne. B paSoTe [TJj (cm. [13 Corollary 
5.1]) 6biJi Hcnojib30BaH tot (paKT, hto KoacbcpHHiieHT CHJibHoro nepeMeniHBaHHH 
npoixecca {?/"} y6biBaeT SKcnoHemriiajibHO SbiCTpo. Ero ,o,OKa3aTejibCTBO ,hjih cjiynaa 
ARCH(p) Mo^ejiH moxho HanTH, HanpHMep, b [H]. 

TeoMeTpHnecKaH oneHKa KOBcpcbHirneHTa CHJibHoro nepeMeniHBaHHH TaKace 6biJia 
o6o6ineHa HecKOJibKHMH aBTopaMH Ha GARCH(p, q) MO^ejib. CooTBeTCTByionrHH 
(paKT co^epjKHTCH, HanpHMep, b pa6oTax (Ha (ppaHn;y3CK0M) n [2^, [20]. B 
flByx nocjieflHHx paSoTax flOKa3aTejibCTBO ocHOBbiBaeTCH Ha on,eHKe KOScpcpHirneHTa 
CHJibHoro nepeMeniHBaHHH npon,ecca, HBjiHioni,erocH penieHneM TaK Ha3biBaeMoro 
Linear Polynomial Stochastic Recurrence Equation (SRE). B Harunx o6o3HaneHHHx 
nocjie^Hee HMeeT bh^ 

Y t = P t (e t )Yt_i + Q t (e t ), 
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r,n;e Pt(x), Qt(x) - MaTpHHjM, KajKflbifi sjieMeHT kotopmx aBJiaeTca nojiHHOMOM ot 
x. 06innn pe3yjibTaT 06 oneHKe KOScpcpnirneHTa cnjibHoro nepeMeninBaHna fljia SRE 
coflep>KHTca b pa6oTe [14J (Ha cppaHiry3CKOM) n, b HeMHoro n3MeHeHHOM Bn^e, oh 
n,HTHpyeTca b [21] (TeopeMa 4.5). 

B HacT0flm;eH paSoTe ycTaHaBjinBaiOTca ,a,Ba ochobhbix pe3yjibTaTa. IlepBOH H3 
hhx aBJiaeTca o6o6ineHneM npe,TM,zi;yinero Bbiine yTBepjK^eHHa npo KOBcpcpnirneHT 
cnjibHoro nepeMeninBaHna. BTopoii ycTaHaBJiHBaeT oneHKy ,zijia MaKCHMyMa 
ocTaTOHHoro BMnHpnnecKoro nponecca o6mero BH,ra. E[pejK^;e Bcero onpeflejiHM 
cxeiviy HaSjiiOfleHHH, ,zijia KOTopoii 6yiryT cpopMyjinpoBaTbca Hanin pe3yjibTaTbi. 

Onpe^ejieHne 7 Ilycmb (fiuKcupoeanu neKomopue b G O u 5 > 0, 3am nomopux 
Ee\(\\b\\i + 5) < 1. IIpednojiocHCUM, umo 3asi n > 1 eu6opna cocmoum U3 eeAUHUH 
Vi_ p , • • • , Vq, Vx, • • • , Uni sieAttfouiiUxctt eu6opKou U3 cmav i uoHapH020 pemenua 
c napaMempoM 

a n G Q 5 := {a G W : ||a - b||i < 5} n 6, (1.4) 

saeucHU^UM om n u npunadAeotcau^uM s . B daAbueumeM mm 6ydeM soeopumb 
nan cxeMe Ha6AtodeHuu c 3aeucHm,UM om n napaMempoM. 

MtoGm noflnepKHyTb 3aBHCHMOCTb napaMeTpa ot n, mm SyijeM o6o3HanaTb {y™} 
peineHne ypaBHeHna 1)1. 2|l c a = a n . TeM caMbiM y1 n = y™. By^eivi TaKJKe fljia 
t — 1 , . . . , n nojiaraTb 

Y? = Y- o-l(0) :=s(6,YU), 

e n t {9) :=y?/o- tn (0), G n (x,9) -n-^/K^^i}. 
h onpe^ejiflTb KOMnoHeHTbi o.s.n. KaK 

W nJ (x, 6) := n- 1 ' 2 £ fiO^-i, WK(0) < ^} " 0)],j = 1,. . . ,p. 

J\jih ycTaHOBjiGHHa AUL b TaKoii cxeMe HaSjuo^eHHii mm 6ya,eM Hcnojib30BaTb 
paeHOMepnyto no a G Q s oneHKy KOScpcpniiHeHTa cnjibHoro nepeMeniHBaHHa {yf}- 
K co>KajiGHHio, H3 pe3yjibTaTOB \14\ . [21] 3tot cpaKT npaMO He cjie^yeT. IIoaTOMy 
mm npHBO^HM CBoe ^OKa3aTejibCTBO HyjKHoro pe3yjibTaTa, nojiyneHHoe He3aBHCHMO. 
3to yTBepjK^eHHe (cjie^CTBHe 13.3)1 cocTaBJiaeT nepBbin H3 Hamnx pe3yjibTaTOB. 

BTopofi pe3yjibTaT (TeopeMa 13.3)) ecTb oneHKa MaKCHMyMa ocTaTOHHoro 
SMnnpHHecKoro nponecca o6mero BH^a, nocTpoeHHoro no nponeccy (HejinHeHHon) 
aBToperpeccnn, o6jia,i],aioiri;ero ^ocTaTOHHO 6mctpmm cnjibHMM nepeMeninBaHneM. 
B aacTHOCTH, 6y,a;eT npoBepeHO, hto oneHKa HMeeT MecTO ,njia ARCH(p) 
MO^ejin (cjie^CTBne 12 . If) . AHajiornnHbie pe3yjibTaTM b jiHTepaType no 
reTepocKeflacTnnecKHM MO^ejiaM HaM Hen3BecTHM. 

B KanecTBe ^onojiHHTejibHon njunocTpannn nojiyneHHbix pe3yjibTaTOB HaMn 
paccMaTpnBaeTca cjie^yiomaa 3a^ana. Mm ycTaHaBjinBaeM poSacTHOCTb GM n MD 
on;eHOK npoTHB rpySbix 3acopeHnn (tcm caMMM o6o6ni;aa TeopeMy 2.2 H3 ^3)- npn 
3tom ncnojib3yeTca MaKCHMajibHoe HepaBeHCTBO, ycTaHaBJinBaeMoe cjiejCTBneM 13.31 

CxeMa ^ajibHeninero H3JiojKeHna Bbirjia^HT cjie^yiomnM o6pa30M. B pa3flejie [2] 
flOKa3MBaiOTca on,eHKa MaKCHMyMa fljia o.s.n. b ARCH(p) MO^ejin (naparpacp 12.1)1 
n poSacTHOCTb MD n GM oneHOK (naparpacp I2.2I) . B pa3^ejie 03 flOKa3MBaiOTca 
pe3yjiBTaTM 06 on,eHKe KOScpcpnirneHTa cnjibHoro nepeMeninBaHna fljia ARCH(p) 
MO^ejin (naparpacp 13 . 1|) n MaKCHMajibHoe HepaBeHCTBO ^;jia o.a.n. o6ru;ero Bn^a 
( naparpacp 13.2)1 . 
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2 PoSacTHOCTb MD h GM ou,eHOK. 

IlpejKfle ^eM neperi™ k (popMyjrapoBKe pe3yjibTaT0B, BBe^eivi Heo6xo,a,nMbie 
TexHHnecKHe ycjiOBiia: 

YcjiOBHe 2.1 

g(x) > 0, lim xg(x) = 0, sup(l + x 2 )\g'{x)\ < oo, / |(/(x)a;|(ia; < oo. 

I^Hoo x J 

YcjiOBHe 2.2 Cyvnecmeywm cfjyHKV,uu $(•), Af(-), a maKcnce KOHcmanma (3q > 0, 
Bah Komopux 

i) Ajih U g W, 9 e 6 |^-(U,0)| < $(U), «6e,« 

sup £$ 4+/3o (Y£) < oo. 
aee 5 



nj 9 G O 5 , j = 1, . . . ,p u n.e. U G M p cyxi^ecmeyem nenpepuenasi no 9 
dj,k(U,9) := &iP Q^ e) , npuneM 



\\dj,k(U, 9)\\ < M(U), sup M 2+ft (Y a ) < oo. 

aee 6 

HaM TaK»ce ^onojiHHTejibHO noHafloSiiTca cjieflyiomee orpamneHiie: 
YcjiOBne 2.3 ,Zf/i.« Hemmoposo /3 > i?|e 1 | 8+/3 ° < oo. 

yCTTOBHa 12. II - [2~Tfl flBJTflTOTCfl TeXHimeCKHMH H, BepoaTHO, MOryT 6bITb ocjia6jieHbi. 

2.1 Oijemca MaKCHMyMa o.3.n. fljia ARCH(£>) McyjejiH. 

B ^aHHOM naparpacpe mm ycTaHOBiiM MaKCiuviajibHoe HepaBeHCTBO ^Jia W n (x, 0). C 
3TOH n,ejibio 6y^eT npriMeHeHa TeopeMa 13.31 HacTOflmeu pa6oTbi. 

CorjiaineHne 3 EydeM o6o3Hanamb 0^(1) (coomeemcmeeHHO 0^(1)) cejueucmeo 
c - e - {Vn} > 3am Komoposo lim sup P(|^| > C) = (coomeemcmeeHHO 

C ^ OD a&B s ,n 

lim sup > 5) = Oj. 

n ^°° aee^ 

Cjie^CTBHe 2.1 IJycmb eunoAHenu yc.Aoeu.fi \l.l\ \2.1\ - \2J\ Tosda 3ah k — 1, . . . ,p 

U AK)6020 p > 

sup (W njfc (x, 9) - n 1 ' 2 ^ (x, 9) ±p\\9- a n ||]) ± = 0«(1), (2.5) 



^OKa3aTejitCTBO. ElojiojKHM Z a (x, 0, U) := xs(0, U) 1//2 s(a, U) 1//2 , tskhm o6pa30 
/{£"(#) < x} = < Z a (x, 0, Y(_ x )}. Hecjio>KHO npoBepiiTb, ^to 

2~ 1 x£f(x)e fc (U,a) 



M 



, TT _ dG(l a (x,9,XJ)) 



d9 k 



6=a 
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06o3HaHHM fljia KpaTKOCTii npn k = l,...,p ^>% t {9) := <£>fc(0, Y^L-J, v%(x, 
l{e*(0) < x}, b TaKOM cjiyaae ^Jia k = 1, . . . ,p 

b a k (x,6) = [E<pl 1 (e)v?(x,9)-E<pU9)Ev?(x,9)]. 



,Hjia flOKa3aTejibCTBa (|2.5|) npoBepHM, hto fljia k = l,...,p BbinojiHeHbi ycjiOBiia 
TeopeMbi 13.31 c 

q = p, (3 = A)/2, z = - a, r = a, z = 0, 

A T (z, U) = %(0, U), A T (x, z, U) = 6, U). 

YcjiOBHe i) BbinojiHaeTca aBTOMaTiiaecKii b cnjiy onpe,n;ejieHiia l a (x, 0,U). 
CjieflCTBne 13.31 BJieneT 3a co6oh cnpaBefljiHBOCTb ycjiOBiia iv) . IlpoBepHM ycjiOBiie 
ii). IIojiojkhm gn := sup \vg(v)\. JIrr k — 1, . . . ,p 



K(x,r((9),U)| 



d fxs 1 / 2 (6 } V) 

Cjr 
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a,U) 



2s 1 /2(0, U)s 1 /2( a , U) 



< 



< to (l^l^ 2 )[2/ a (^, 6, U)a 1/2 (e, U)s 1/2 (a, U)]" 1 = rf 2 [2 S (0, U)]" 1 . (2.6) 

riocjie^Hee BbipaxceHiie mojkho oueHiiTb CBepxy BejiiiHiiHoii 2~ 1 g^£/ j 2 . B cnjiy 
cooTHonieHHa (j3.19|) h voiOBiia 12.31 sup |yol 8+/3 ° < 00 • Cjie^OBaTejibHO, nepBaa aacTb 



ae(- 



ycjiOBiia ii) BbinojiHeHa. 

IlpoBepKa BTopofi nacTii ycjiOBiia ii) TexHiinecKii 6ojiee cjio»cHa. CHanajia 

3aMeTHM, HTO 

^(x 1 ,r(0 1 ),U)-^(x 2 ,r(0 2 ),U) = 

= £4V 1/2 (a, u) [x ig (n Xl , e\ u))*- 1 /^, U)_ 
-^(r^^u))*- 1 / 2 ^ 2 ,^ 

I1ojio>khm M(x ) := {(xi,x 2 ) : \x lt2 \ < x }, M a (a) := {(xi,x 2 ,8 1 ,9 2 ) : \G(xi) - 
G(x 2 )\ — ot, ||0 ' 2 — a|| < a}. 3aMeTHM, hto fljia npoBepKii ycjiOBua ii) b cnjiy 
TeopeMbi JleSera o MajKopiipoBaHHoft cxo,h;iimoctii ^ocTaTOHHO noKa3aTb, hto npii 
HeKOTopbix C < 00 h a > ^Jia jnoSbix [/ e l p h n BbinojiHeHO cooTHOineiiiie 



sup \dt(x u rie 1 ), IJ) - dt(x 2 ,r(6 2 ), \J)\ < CUM^T 1 , 

M a {a) 

a npii npou3BOJibHOM (piiKCiipoBaHHOM U G M p na->0 

sup |dJ(i ll T(9 1 ) l U)-dJ(i Jl r(lP) l U)hO 

M a (a) 



(2.7) 



(2.8) 



paBHOMepHO no n. CooTHOineiiiie (|2.7|) ecTb HenocpeflCTBeimoe cjie^CTBue (|2.6j) . ^Jia 
flOKa3aTejibCTBa (|2.8j) 3aivieTHM, hto ^Jia juo6oro (piiKCiipoBaimoro U G M. p npii a — > 
paBHOMepHO no a G Q s h M a (a) D M(ar ) BbinojraaiOTca cjie^yiomne npe^ejibHbie 
cooTHonieHHa: 

[xi - x 2 ] -> 0, [s(0\ U) - s(0 2 , U)] -> 0, 
[Z°(:r,0\U)-Z a (ar,0 2 ,U)] 0, 
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a, cjieflOBaTejibHO, n [d%(xi, t(6 )1 ), U) — d>l(x2, t(9 2 ), U)] — > 0. Kpoivie toto, ^Jia 
flocTaTOHHO MajieHbKoro a>0n cpHKcnpoBaHHoro U G M p H3 vcjiobha 12. II cjienveT. 
hto paBHOMepHO no a 6 6 s 

sup \x\g(l a (x,6,U))s~ 1/2 (6,U) -> 

|x|>a;o,||S— a||<a 

npii Xo — > +oo. H3 nocjie^Hero cooTHOineHna n ()2.6|) cjie^yeT cnpaBe^jiHBOCTb 

BTopoii nacra ycjiOBiia ii) TeopeMbi 13.31 IlpoBepKa ycjiOBiia iii) npoBOflHTca 
aHajioriiHHO, sto paccya^eHne mm onycKaeM. □ 



2.2 Po6acTHOCTb on,eHKH MHHHMajibHoro paccToaHHa h GM- 

OD,eHKH. 

Hapa^y c acnMnTOTHiecKoii HopMajibHOCTbio, Ba>KHbiM cbohctbom ou,ghkh ABjiaeTCfl 
po6acTHOCTb npoTHB OTKJiOHeHHH ot MOflejiH. Mm nccjie^yeivi noBe^eHne MD n 
GM oneHOK b cxeivie 3acopeHna o^HHOHHbiMn rpySbmn Bbi6pocaMH. HanoMHHM ee 
onpe^ejieHne. IlycTb {zj n , t = 1, . . . ,n} - He3aBnciiMbie SepHyjuineBCKne BejinnnHbi 
c napaMeTpoM 7 (t.6. P{zJ n = 0) = 1 — 7, P(z] n = 1) = 7), - H.o.p. GJiynanHbie 
BejiHHHHbi c cpyHKipieii pacnpe^ejieHna /j£ H3 HeKOToporo cpHKcnpoBaHHoro Kjiacca 
Mg, 11 nocjie^OBaTejibHOCTH {z] n }, {Vt} He3aBiiciiMbi Mempj coSoh. IlycTb 
HaSjuo^aiOTca BejiiiMiiHbi 

VT = Vt + t = 1 - p, . . . , 0, 1, . . . , n. (2.9) 

B ()2.9|) BejiiiHiiHbi t — 1, ...,n} HHTepnpeTiipyiOTca KaK rpy6bie Bbi6pocbi, n 
onncaHHaa cxeivia ecTb cxeivia 3acopeHna flaHHbix o^iiHOHHbiMii rpy6biMH BbiSpocaMH. 
AHajiornHHO cjiynaio Bbi6opKii, He coflep^Kameii sacopemin, o6o3HaHHM 

Yft := (Ci, • • • , eTO := yTM*, TO), t = 1, . . . , n, 

0) := n" 1 / 2 £ 6) [I{eT{0) <x}- Gl(x, 6)}. 

Tax me, KaK n paHee, oneHKH a^ MZ) 11 a^ GM onpe^ejiaiOTca KaK penieHiia 3aflaH 

COOTBeTCTBeHHO 

KZ(9) := J \\WUx,6)\\ 2 dF(x)->imn, 

0,h,hoh H3 npocTenmnx xapaKTepncraK poSacTHOCTii oneHOK aBjiaeTca hx 
(pyHKn,iioHaji BjinaHiiH (cm., HanpiiMep, [8J, [13J ^jih onpeflejieHiiii, a TaK>Ke P], 
[22J, r^,e paccHHTbiBaeTca (pyHKnnoHaji BjiiiHHiia cooTBeTCTBeimo fljia ARCH(l) 
11 GARCH(1, 1) MOflejiefi). CHanajia HanoMHiiM ero onpeflejieHne fljia oneHKH 
napaMeTpa b npoii3BOJibHOH MOflejiii. IlycTb {a^n > 1} - nocjie^OBaTejibHOCTb 
oneHOK napaMeTpa a, nocTpoeHHaa no Bbi6opKe c ypoBHeM 3acopeHna 7 (cjiynan 



8 



7 = cooTBeTCTByeT BbiSopKe 6e3 3acopeHHii). IlycTb ^Jia jiioSoro ^ocTaTOHHO 
Majioro 7 > npii n — > oo BbinojiHaeTca cooTHOineHiie 

a n — > a 7 (/i € ) 

fljia HeKOToporo HecjiyHaimoro a 7 (/i^). Tor^a cpyHKHHOHajiOM bjihahhh ou,ghkh a n 
Ha3biBaeTca BeKTop 

IF(a 7 (^),^) := lim 

7^0+ 7 

b tom cjiynae, Kor^a OHa onpe^ejieHa. QyHKHHOHaji BJiiiaHiifl IF(a 7 (/i^), /i^) 
aBjiaeTca rjiaBHbiM hjichom b pa3Jio>KeHHH acHMnTOTHnecKoro CMemeHHa (a 7 (yU^) — 
a) no 7, 

a 7 (^) - a = IF(a 7 (/i f ), /i € ) 7 + 0(7). 

On;eHKa a n Ha3biBaeTca po6acTHofl b tom cjiynae, ecjin IF(a 7 (^), /i^) onpe^ejieH Ha 
M^, 11 BejiiiHiiHa 

GES(M^k n ) := sup ||IF(a 7 (/i e ),^)||, 

Ha3biBaeMaa ayBCTBHTejibHOCTbio k SojibniiiM oniii6KaM, KOHeaHa. B btom cjiyaae 
rjiaBHbifl MJieH acHMnTOTHHecKoro CMemeHna (a 7 (/i^) — a) paBHOMepHO Maji npn 

BCeX B03MOJKHBIX 3aCOpeHHflX. 

TaKOH noflxofl y^oSeH ,a,jia HCCJie^OBaHHa oueHOK, nojiynaeMbix KaK penieHiie 
onpe^ejieHHoro ypaBHeHna, HanpnMep GM-oueHOK, TaK KaK cpyHKHHOHaji BJinaHna 
jsjis. hhx HecjiojKHO Haxo^HTca (cm. p]). ,Hjia MD ohchkh sto c^ejiaTb cjiojKHee. 
IlosTOMy mm npe^jiaraeM ^pyryio xapaKTepn3an;Hio. ,ZLia oSihhocth H3Jio»ceHHa 
pe3yjibTaT (popMyjinpyeTca TaKace h ,a,jia GM oixghkh. Cjie^yiomaa TeopeMa 
aBjiaeTca o6o6meHHeM TeopeMbi |171 TeopeMa 2.2] Ha ARCH(p) Mo^ejib, HMeionniM 
MecTO fljifl cxeMbi HaSjiKmeHHH c 3aBHcain,HM ot n napaMeTpoM. 

TeopeMa 2.1 IJycmb eunoAHenu ycAoeun \2.1\ - a manatee cxeMa 

Ha6AK>deHuu IJpednoAoafcuM donoAHumeAbno, nmo cfjyHKi^UM ospaHunena 

sup ||y(U, 6) || = L < 00 

u UMewm Mecmo ycAoeun EH Tosda 3am aw6ozo 5 > cymecmeytom 70 > 
u N, manue umo 3am ecex n > N, 7 < 70, ak>6ux nocAedoeameAbHocmu {a n } u 
pacnpedeAenuH eu6pocoe [i£ 

P(\\*Imd ~a n \\>S)< 5, P(||a 7 GM - aj > 6) < 6 

^OKa3aTejibCTBO. Mm npHBe^eM ,n;oKa3aTejibCTBO jihhib ,n;jia MD oueHKH. 
^OKa3aTejibCTBO b cjiyaae GM nojiHOCTbio aHajiornaHO. By^eM b flaHHOM naparpacpe 
nojiaraTb fljia KpaTKOcra a n := ^md, b n (x,9) := b an (x,8). IlycTb cpHKcnpoBaHO 
HeKOTopoe 5 > 0. 06o3HaaHM Q mhojkgctbo Bcex BepoaTHOCTHbix Mep Ha M. 
^ocTaTOHHO noKa3aTb, hto cynjecTByeT 70 > 0, TaKoe, hto npn n —>■ 00 

sup -P(||a 7 — a n || > 5) — ► 0. 



9 



,Hajiee ^Jia KpaTKOCTH Sy^eM cynpeMyM no MHOJKecTBy G Q, 7 < 70} o6o3HanaTb 
npocTO sup . IlycTb 5q - to ace, hto h b vcjiobhh 11.21 IIojiojkhm 

H n (x,6) := \\b n (x,6)\\ -L70, d := (2p + 4)L 7o , c := d + L 7o , 

a ;= c 2 [P(+oo) - P(-oo)], «i := 4d 2 [P(+oo) - P(-oo)], 

SaMGTHM, HTO flJIfl JIK)6orO G 0, T.H. \\6 — 8i n \\ > (5 H I £ 1 ? B CHJiy VCJTOBHfl 11 .21 II 

HepaBeHCTBa Konra-ByHaKOBCKoro 

J[H n (x,0) - cI\ 2 I{H n (x,e) > d}dF(x) = 

|b>, 9 )||-clV { ||b"(M)ll>W>/[l|b»(M)ir-2 C ||b»(M)ll 
xI{\\h n (x,6)\\>c}dF(x)> [ \\h n (x,e)\\ 2 dF(x) -c 2 / dP(x)- 



- 2c y ||b n (x,^)||dF(a;) > 5 5 2 - a - ^daj 2 = a 2 . (2.10) 

Hecjio>KHO npoBepHTb, hto a\ — > 0, a ] (<5o^ 2 ) n P H 7o — > +0. CneflOBaTejibHO, fljia 
^ocTaTOHHO MajieHbKoro 7o > 

a x < a 2 . (2.11) 
3a(pHKCiipyeM npon3BOJibHoe Taxoe 70. IloKa>KeM, hto oho h HBjiaeTca hckomhm. 

SaMGTHM, HTO 

- aJI < 5) > P( inf k /I(^) < inf 1^(0)) > 

V||0-a n ||<<5 \\B— a„||><5 / 

>pfc(a n )< inf Kl{9)). 

\ \\6-a„\\>6 J 



TaKHM o6pa30M, ^Jia 3aBepnieHna flOKa3aTejibCTBa TeopeMbi 12.11 ^ocTaTonHO 
npoBepHTb, HTO 

su P pfc(a n ) > inf KZ(9)) -> 0. (2.12) 

V \\8— a„||>d / 

B cbok) onepe^b, cnpaBe^JiHBOCTb Q2.12J) b cnjiy (|2.11j) oGecneanBaeTca cjie^yioniHMH 

^ByMH COOTHOIH6HHHMH! 

sup P(IQ(a n ) > nai) -> 0, (2.13) 
supPf inf #2(0) < n« 2 ) -> 0. (2.14) 

V||6— a n ||><5 / 

CHanajia flOKajKeM ()2.13p . OneBH^HO, uto e£(0) = sj n {6) n Y^ = Y"_ l5 ecjin 
tojibko ^7™ = z t-i = • • • = = 0- Cjie^OBaTejibHO, fljia Bcex a; G M, # G O n 

\wz k (x,e)-w nik (x,e)\ = 



j2(MV-i,o)-M^ii,mm n (e) < x}-gz(x,6)]+ 
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< 



+ ]T <Pk(Y£i, 0) [I{erV) < x} - < *}- Gl(x, 9) + G n (x, 9)} 

+ n 1/2 L\Gl(x,9)-G n (x,9)\<(2p + 4)Ln- 1/2 £ l{zT = 1}. (2.15) 

t=i-p 

BBe^eM cjie^yioinHe nocjie^OBaTejibHOCTH coSmthh: 

Q n := {VxGR,||0-a n || >5: \\W n (x,9)\\ > n 1/2 H n (x, 0)}, 

P n :={ sup ||WZ(x,0)-W n (M)|| <n 1 / 2 d). 
B CHjiy coothoiiighhh (|2.5)1 . (J2.15|) h 3aKOHa 6ojibiniix HPiceji 



supP(Q n UP n ) ->0. 

3aivieTHM, hto pacnpe^ejieHiie i^ n (a„) He 3aBHCHT ot 7 h {£ f ™} 11 -KT n (a n ) = 
ciuiy (|2~T6|l 

supP(fQ(a„) > na x ) = supP( / ||W^(x, a)\\ 2 dF(x) > naA < 



< sup P 2 



(2.16) 
P (1). B 



^n(a n )+ / ||W^(x,a n )-W n (x,a„)|| 2 dF(a;) 



> n«i ) < 



< sup|P(K n (a n ) + nd 2 {F(+oo) - P(+oo)) > nai/2j +P(P„,)| < 

< sup{P(if n (a n )/n + ai/4 > ai/2) + P(P n )} -> 0. 

TeM caMbiM (I2.13j) ,a,OKa3aHO. 

^jia ^OKa3aTejibCTBa ()2.14|) BOcnojib3yeMca OHeBHflHbiM HepaBeHCTBOM: 

llbi+M^dlbill-llballWllbill^llball}, 

cnpaBe^JiHBbiM fljia jiioGmx bi,b2 G 3a(pnKCnpyeM HeKOTopbie x, n h 9, t.h. 
||0 — a n || > 8. OueHHM ||W^(x, 9)\\ 2 CHH3y cjie^,yioni,HM o6pa30M: 

||W^(x,^)|| 2 = ||W„M) + (WZ(x,9)-W n (x,9))\\ 2 > 

> (\\W n (x,9)\\ -||W^(x^)-W„(x^)||) 2 x 

x/{||W n M)ll > \\WZ(x,6)-W n (x,6)\\} > 

> (|| W n (x, 9) || - n^d) 2 /{ || W n (x, 9) || > n 1 /^ > || W^x, 0) - W n (x, 0) || } > 

> (||W„(x,0)|| -n^'/jllW^a;^)!! > n^H^x^^I^H^x^) > d}l{R n } > 
> n(H n (x, 9) - d) 2 I{Q n }I{R n }I{H n (x, 9) > d}. 
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Cjie^OBaTejibHO, ^Jia jiio6oro 6, t.h. \\6 — a n || > 5, b cnjiy ()2.1flj) HMeeM 
Kl{6) = J \\WZ(x,6)\\ 2 dF(x)>nI{Q n }I{R n }x 

x J (H n (x,9) -dfl{H n {x,9) > d}dF(x) > nI{Q n }I{R n }a 2 . 
C y^eTOM ()2.16j) nojiy^aeivi HaKOHen;, hto 

supPf inf Km) < na 2 ) < 

\\\0-& n \\>S J 

< sup P(nI{Q n }I{R n }a 2 < na 2 ) = sup P{Q n U R n ) — > 0. 
TeM caMbiM (12.141) . a 3HannT h (12.121) . ,a,OKa3aHbi. □ 

3 OcHOBHbie pe3yjibTaTbi. 

3.1 PaBHOMeptiaa ou,eHKa K03c{)c|DHii;HeHTa cnjibHoro 
nepeMeniHBaHHa. 

IlycTb nocjieflOBaTejibHOCTb {et\ - Ta me, hto h b 1|1.2|) . cpHKCupoBaHO HeKOTopoe 
napaMeTpHHecKoe mhokgctbo T h ^jih Ka>K^oro r G T 3aflaH HeKOTopbiu 
CTan^HOHapHbiu npouecc {£ 4 T , t G Z}. 06o3HaHHM ^Jia Bcex t 6 Z5[ := . . .). 

Mm Sy^eM pacciviaTpHBaTb npoueccbi {Q}, KOTopbie ^Jia juoSoro ZcgNUoohtgT 
y^OBJieTBopaiOT ypaBHeHHio 

= H k (e u . . . , £ t _ fe+ i,H[_ fe) r), (3.17) 

r,n;e Hi, H 2 , . . . , H^— HeKOTopbie H3MepiiMbie (pyHKiniii. Hecjio>KHO npoBepiiTb, 
hto CTauiiOHapHoe pemeHiie ()1.2|) h juo6oro aHajioriiHHoro ypaBHeHiia HejiimeuHOH 
aBToperpeccuH (GARCH(p, q), ARCH(oo) h t.^.) b TaKOM Bu^e npe^CTaBjiaeTca 
(fljia SToro flocTaTOHHO npoBecra hgckojibko HTepainiii ypaBHeHua, onpe^ejiaiomero 

COOTBGTCTByiOmyiO MO^ejIb) . 

Hani nepBbiii pe3yjibTaT 6a3iipyeTca Ha tom, mto mojkho oueHHTb HyjKHbifi 
K03(p(pHii;HeHT cnjibHoro nepeMeiniiBaHiia (b flajibHeflnieM c.n.), 3Haa, HacKOJibKO 
SbiCTpo ySbiBaeT 3aBncHMOCTb Hk(Ek, . . . , e±, z, r) ot apryMeHTa z npu k — > oo. 
ToHHee, no,i], BejiunuHOH 3aBiicnMOCTii ot z 3^,ecb mbi noHHMaGM paccTOflHue no 
Bapnan,nn Mem^y c.b. H^{e^ . . . , e±, Zj, r) n Hk{sk, ■ ■ ■ , S\, z 2 , t) rjisi pa3JinnHbix 
z x n z 2 . 06o3HaHHM /ifc jt (z, r) := Hk(£ tl . . . , Et-k+i, z, r), c?Ty - paccToaHiie no 
BapiiauiiH. ,I[oKa»ceM BcnoivioraTejibHyio jieMMy. 

JleMMa 3.1 IJycmb 3adanu Henomopue noAtcnue npocmpaHcmea X\, X 2 , X 3 
u neaaeucuMue c/iynauHue ajieMenmu T]i u r/ 2 npuHUMawm 3HaueHusi e X\ u 
X 2 coomeemcmeeHHO, f(xi,x 2 )- u3MepuMaa gjyHKyuM U3 X\ x X 2 e X 3 . Tlycmt 
qiUKCupoean npou360AbHuu x\ G X 2 u 8 > 0. 06o3ho,hum P m pacnpedeAenue r\ 2 , 
Ds := {x G X 2 : c?tv(/(?7i, x), /(r/i, > 5}- Tozda KoagidiuyueHin a c.n. a-aAse6p 
cr{f(r)i, rj 2 )} u a{r] 2 } ydoeAemeopMem Hepaeencmey 

a < 25 + 2P(r] 2 G D,). 
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,HoKa3aTejibCTBO. Ilo onpeflejieHiuo, a := sup \P(f(rji, i] 2 ) G A; r\ 2 G B) — 
P{f '(771,772) G A)P(?72 G 5)1, r^e sup SepeTca no BceM A G B(X 3 ),B G B{X 2 ). 
B cujiy TeopeMbi <J>y6iiHH 

^(/fai, r] 2 ) eA;r ]2 eB)< P(f( Vu rj 2 ) G A; V2 G P\P> 5 ) + P(r/ 2 G P> a ) = 
= J P{f(rn,x 2 ) G A)/{x 2 G B\D 5 }P m (dx 2 ) + P{r} 2 G P 5 ) < 

< J [P(f(m,xl) eA) + 5]I{x 2 G B\D 5 }P m {dx 2 ) + P(t7 2 G P 5 ) < 

< [P(/(^,arg) eA) + 5]P(x 2 G P\P> 5 ) + P( V2 G P 5 ) < 
< [P(f( V i, V2) eA) + 25 + P(n 2 G D s )]P(n 2 eB) + P( V2 G A). 
AHajioruHHbie oueHKii ^aiOT 

PifivuvJeA; m eB)> 

> [P(f{m,m) G A) - 25 - P( V2 G D S )}P(V2 G P) - P(^ 2 G £>,).□ 



TeopeMa 3.1 Piycmb npoyecc {^} ydoeAemeopnem ycAoeuw | f .V. i 7j) . tt 

neKomopozo ko G N ; 6opeAeecKou cfiyHizyuu R(st, . . . , ££_fc +i, z, t ), D G i3(M°°), 
z GDm/?gIRm ecex z G D ujueem Mecmo Hepaeencmeo 

drv(R{£u • • • , £ t-fc +i5 z o, r ), P(^i, • • • , £i-fc +i> z ' r )) ^ 

06o3hclhum a Koadidiuyuenm c.n. o-ajize6p ct{Hq} m er{P(£fc , . . . , £i,H5,t)}. Tozda 
cnpaeedAueo Hepaeencmeo a < 2(3 + 2P(Hq G D). 

,HoKa3aTejibCTBO. 3aMeTHM, hto b ciuiy paBeHCTBa (|3.17j) fljia k = 00 c.b. £ 4 t 
He3aBHCHMa c KajK^biM £fc npn Bcex k > t. ^ajibHeftniee ecTb npocToe npiiMeHeHiie 
pe3yjibTaTa jieMMbi l3~Tl □ 

Mbi cneuuajibHO Bbi^ejiHM KaK cjie^CTBue H3 TeopeMbi 13. II CTTyqau 

R(et, . . . , st-k+i, ^t-k, t) = (Ck+p-i, ■ ■ ■ , 

Oho noHaflo6uTca HaM npu flOKa3aTejibCTBe pe3yjibTaTa pjin ARCH(p)-MO,i],ejiH. 

Cjie^CTBHe 3.1 PipednoAomcuM, umo npu k G N eunoAnenu ycAoeun TeopeMU 
[Q 3ah 

R k (e t , St-h+x-, z, r) : = (h k + p -i,t+ P -i{z, r), . . . , h k j(z, r))*. 

Tozda 3am ap(k), Koatfxfiuyuenma c.n. a{^ + „_ 1 , . . . , ££} u (j{Hq}, npu ecex k G N 
UMeem Mecmo Hepaeencmeo 

«;(£:) <2/? fc + 2P(H[GD fc ). (3.18) 
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^OKa3aTejn>CTBO. Cjie^yeT 113 ypaBHeHiia ()3.17|) . onpeflejieHiia hk,t(%, t) h 
TeopeMbi 13.11 

riepen^eM k ,a,OKa3aTejibCTBy pe3yjibTaTa o paBHOMepHon oueHKe K03(p(piin,iieHTa 
c.n. fljia {yt}- HanoMHHM, *ito CTaipiOHapHoe peineHiie (11.211 y^OBjieTBopaeT 
cooTHoniGHHio (pa3Jio)KeHiie BojibTeppa, |2j): 

oo p 

(y?f = Yl a jl a j2 ...a jl e 2 t e 2 t _ h ...e 2 t _ jl ^_ jl . (3.19) 

i=o ii,-,i!=i 

Hecjio>KHO npoBepHTb, *ito fljia k = 1,2,... imeeT MecTO cjieflyiomee 
npe^CTaBjieHiie: 

al(z, a) := M° fc (a) + M^zf + ... + M^(a)^, ^ 

r^e Ka>K^aa H3 cjiynaHHbix BejiimiiH M f ° fe (a), . . . , M 4 p fc (a) ecTb HeKOTopaa (pyHKinia 
BeKTopa (e t _x, . . . , e t _fc + i, a)*. CjieflOBaTejibHO, HMeeT MecTO aHajioriiHHoe 1)3. 17j) 
npeflCTaBJieHiie yl = e 4 o"fc jt (Y"_ fc _ 1 , a). By^eivi TaioKe nojiaraTb Y£ t (z) : = 

(^t°"fc,t( Z ; a ); • • • ) Et-p+l (7 k-p+l,t-p+l( Z l a ))*- 

^Jia ^OKa3aTejibCTBa mm BOcnojib3yeMC5i cjie TCTBiieM 13 . II c r = a, z = (0, 0, . . .)* 
h T = Q 6 . OcHOBHyio cjio>KHOCTb npe^CTaBjifleT oueHKa paccToaHiia no BapiiainiH b 
ycjiOBHH TeopeMbi 13.11 H^ea ee 6y^eT 3aKJiK)HaTbca b tom, HTo6bi npeflCTaBiiTb Y" 

B BH^e KOMn03IlHIlH 

Y t = Y t~p,t( Y t-p,t-p( Y 0' a )> a ) 

h 3aMeTHTb, hto npii cpiiKCiipoBaHHOM z pacnpe,r;ejieHiie Y* t (z, a) aScomoTHO 
HenpepbiBHO, ii ero njiOTHOCTb HenpepbiBHO 3aBiiciiT ot z. ripii stom 6yr;eT 
cymecTBeHHO Hcnojib30BaH MyjibTiiiuiiiKaTHBHbiH bha ypaBHeHiia 1)1. 2j) . B cboio 
onepe^b, Y"_ p t _ p (z, a) b hckotopom CMbicjie "sKcnoHeHiniajibHO cjia6o" 3aBHCHT 
ot z npn k — > oo. 

CHanajia ^OKajKeM HecKOJibKO BcnoMoraTejibHbix TexHHnecKHx jieMM. 

JleMMa 3.2 Ilycmb £ u rj - uesaeucuMue cAyuaunue eejiuHUttu, npuueM 
pacnpedeAenue £ adcoMomuo nenpepueno omnocumeAtno Mepu Jle6eza c 
nAomHocmbto f^(x), ospanunennou na E. Ftycmh maKotce P(\r]\ > d) = 1 3ah 
ueKomoposo d > 0. 06o3hclhum F v &).p. rj. Tosda pacnpedeAenue eeAununu r := £?y 
a6coAwmno nenpepueno c nAomnocmbm 

fAx) = J z~ 1 f i (x/z)dF v (z). (3.21) 

^OKa3aTejibCTBO. B cmiy TeopeMbi <Dy6nHH P(r < x) = f F^(x/z)dF v (z) fljia 
x6l. Flo ycjiOBiiio, M := sup/g(x) < oo. Cjie^OBaTejibHO, 

P{t g {x 1 ,x 2 }) = J [F^x 2 /z) - F^xt/z^dF^z) < M{x 2 - x x )/d. 

OTCio^a cpa3y cjie^yeT a6cojiiOTHafl HenpepbiBHOCTb pacnpeflejieHiia r. Cxo^HMOCTb 
P(t G (x,x + d~])/5 — > f z^ 1 f^{x/z)dF rj {z) cjie^yeT H3 orpaHnneHHOCTH 
8~ 1 [F^{x/ z) — F^([x + <5]/z)] ii TeopeMbi o MajKopnpoBaHHOH cxo^hmocth. □ 
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JleMMa 3.3 Itycmb CAyuauuuu eenmop T g (H) 3adaemcn coomuoiueuueM 

T ff (S) := (to(S), 2), . . . , 6^(6, • • • , 6,-1, 2))*, 

ge?e £i,---,£ 9 - H.o.p. CAynauuue eeAuuimu c pacnpedeAenueM, UMewmuM 
nAomnocmb f$(x), r)i,...,r] q - uenpepuenue diywuyuu, 5 - CAyuauuuu SAeMeum, 
He3aeucuMuu c £1, . . . , £ g . IIpednoAOCHCUM, umo coomeemcmeeHHO Kaomdou napu 
c.e. rjj u ?7j(£i, . . . , H) eunoAneuu ycAoeun acmmu \S. 2l Tozda pacnpedeAenue 
Tg(5) a6coAtomno uenpepueno c nAomnocmbto 

<i 

f T (xi, ...,x q ):= E s Ylftfav^ixi, ■ ■ .,x j ,'B))r]j 1 {x l , . . .,Xj,E). 
j=i 

/]^OKa3aTejibCTBO. ^0Ka3aTejibCTB0 aHajiornnHO ,n;oKa3aTejibCTBy jieMMbi 13.21 
IIojiojkhm fljia KpaTKOCTH T)j(E) :— r}j(£i, ■ ■ ■ , 2). IIo TeopeMe <J)y6nHH 

P(£jVj(ti, Zj-i, (S) G (a,, fy], j = 1, • • • , q) = 

= P(fc e (o^CH), M7 1 ( S )]> J = 1, ■ ■ ■ , g) = 

M^C 3 ) 6 5 i}g 1 (xi,...,a; </ -i,(H) 

= -Eh y /^l) • • • J fe(x q )dx q . . . dxi. 

ai^f (H) a q ijg (xi,...,x q -i,(S) 

H3 TaKoro npe,a,CTaBjieHHfl n orpaHnneHHOCTH KaK n paHbine, cjie^yeT 

aGcojiiOTHaa HenpepbiBHOCTb pacnpeflejieHiia T g (S). TaK KaK /t(^i, • ■ • , x g ) 
HenpepbiBHa h paBHa npoH3BOflHofl P(£j%(£i, • • • , £j-i> (5) < x.;, j = 1, . . . , g) no 
x g , . . . , #1, to OHa me aBJiaeTca hckomoh imoTHOCTbio pacnpe^ejieHna T g (H).D 

Cjie^CTBHe 3.2 PacnpedeAenue eeKmopa Yq a6coAK>mno uenpepueno. 

Jlpe cjie^yioinHe JieMMbi jj,aiOT oneHKy paccToaHna no Bapnannn Meacjjy ^Byivia 
c.b. £r]i h £r]2, b tom cjiynae ecjin c.b. 771 n r] 2 6jih3kh no BepoaTHOCTH. 

JleMMa 3.4 Ilycmb £, 771, 772 - c.e., u c. eeKmopa £ tt (7/1,772) ue3aeucuMU. 
IIpednoAOCHCUM, umo 3aa ueKomoposo d > -P(77j > d) = l,j = 1,2. Ilycmb 
pacnpedeAenue £ a6coAwmno uenpepueno u ee nAomnocmb f^(x) ydoeAemeopnem 
ucao6uw \2.1[ IIoaochcum :— J \fi(x) x\dx, A := {\r]i — rj 2 \ < 5}. i? cit./i?/ acmmu 
\H. 6 A cymficmeywm nAomuocmu f T1 u f T2 y c.e. t\ := £7/1 u r 2 := £7/2. Tozda 8ah hux 
UMeem Mecmo coomuomenue 

J \U(x) - f T2 (x)\dx < 8[K^~ 2 + d- 1 } + 2P(A). 

,HoKa3aTejibCTBO. IIojio:>khm 77^ := [i]jI{A} + dI{A}}, rj 4 = £77^, j = 1,2. Tor^a 
b cnjiy JieMMbi l3~2l c.b. Tj h r^ 4 a6cojnoTHO HenpepbiBHbi. OneBn^HO, hto 

l/n(x) - / T2 (x)| < \f T A{x) - / r A(x)| + \f T A{x) - f T1 (x) \ + |/ r A(x) - f T2 {x)\. 

n J |/ r A(x) — f Tj (x)\dx < P(A), j = 1,2. Ilo3TOMy ^ocTaTonHO npoBepnTb, 
hto f \f T A(x) — f T A.(x)\dx < 5[K^d^ 2 + d' 1 ]. 3aMeTHM, hto BbipajKeHne (j3.21j) 
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rjir f T A (x) mojkho nepenncaTb cjie^yioinHM o6pa30M:/ T A(x) = Er(x,T]f), r^e 



^ j iviu.rn.nu ucpciuauaTij ujic/y iujjj,mivi uujjcijuivi.j t a — j^v ^a, y" 1 ^ ' 

r(x, f) := f^(x/v)v~ 1 . B CHJiy ^HcpcpepeH^pyeMOCTii (vc.iTOBHe l2.HI cnpaBe^JiiiBO 
HepaBeHCTBO 

\f T A(x) - f T A(x)\ < E\r(x, V t) - r(x,rt)\ = E\r' v (x, V ^ 2 M ~ A 

flJIfl HeKOTOpOH C.B. 7]^ 2 , T. H. T]^ 2 G [rjf A T]^ , TJi V T/^]. CjieflOBaTejIbHO, B CHJiy 

TeopeMbi <J>y6nHH, 

1/^0) - f T A(x)\dx < J E\r' v {x^)[v2 - Vi\\dx < 

< SE^J (|4(x/< 2 )x/« 2 )- 3 | + |/ 5 (x/< 2 )« 2 )- 2 |)rfx 
= ^[^« 2 )- 2 + (^ 2 )- 1 ].D 

JleMMa 3.5 Ilycmb eunoAnenu ycAoeusi AeMMu UUH 3ah (£i, . . . , u B.j,j = 1, 2, 
npuneM eenmop (£i, . . . , ne3aeucuM c (Hi,H 2 )*. IJoaochcum 

A j '■= {\Vj(€u---,€j-i, E i) -Vj(€i,---,£j-i, E 2)\ j = l,...,q. 

Tozda 

q 

<W(T(Hi), T(S 2 )) < qS[K ( dT 2 + d- 1 ] + 2 £ P(A,). 

j=i 

^HoKa3aTejibCTBO. 06o3HaHHM ^jia KpaTKOCTii r)j(Ei) = r]j(£x, Hj), i = 
1,2. AHajiornHHO jieMMe HQ] nojiojKHM 

• • ■ ,&-i,Si) := + dI{Aj}, j = 1, . . . ,q. 

IlycTb cjiy^aHHbie BeKTopbi T^(Hi) h T 2 4 (S 2 ) nocTpoeHbi no {^(Hj)} BMecTO 

{v7j(Sj)}. B CHJiy jieMMbi l3~3l y hhx cymecTByiOT hjiothocth cooTBeTCTBeHHO f T A 

i 

h / t a. KaK h paHbine, / |/ t a(o;i, ...,x q )- f Ti {^i, ■ ■ .,x q )\dx < ]T P( A j), % = 1,2, 

i=i 

h nosTOMy ^ocTaTonHO npoBepHTb TpeSyeMoe HepaBeHCTBO fljia cjiyaaa -P(^4j) = 1- 
B o6o3HaHeHHax JieMMbi l3~H HMeeivi: 



\f T A(x 1} ...,x q )- f T A(x 1} . . .,x q )\dx = 
E rfo, ^(Sx)) - E J] rfo, ^(S 2 )) rfx < 

3=1 3=1 

f 9 

E I J2H r ( x " Vf^i)) II r ( x " tf&Wixj, ^(SO) - r(x„ 77/(S 2 ))|dx = 

£^ / JJr(xi,^(Hi))( / ^(^-^/(Hi)) - r(x j ,T]f(E2))\dx j Jdxi . . .da^x < 
j=i J i<j \J / 

< ^(iir^ + O^zJ / ]\r(x i ,rii{E 1 ))dx 1 ...dx j -i = qS[K ( d- 2 + d- 1 ]n 

3=1 J i<i 
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Cjie^CTBHe 3.3 IIpedno.fioMcuM, umo eunojinenu ycjioeux li.il u \2.1\ Tozda 
cymecmeytom C < oo u 7 > 0, maKue umo (djm ecex a G Q s ) K03d)d)uu,ueHm 
c.n. o^Y"^} u cr{yf, t < 0} ue npeeocxodum Cexp{ — jt}. 

^OKa3aTejn>CTBO. <J>HKcnpyeM npoH3BOJibHoe k G N. ,HpKa3aTejibCTBO 6y^eT 
coctohtb b npiiMeHeHHH Cjie^CTBHa 13.11 J\jih ou,ghkh nepBoro HjieHa b HepaBeHCTBe 
(I3.18J) npiiMeHHM JleMMy 13.51 IIojiojkhm, KaK n paHbnie, Y£ t (z) := et<Jk,t(^, a). 
HecjiojKHO npoBepHTb, hto npn q = p, d = 1, £j = et- p +j, 



^i( V ) := Y 1 + a i^i 2 + • • • + a p^ 2 , • • -j^i-i, V) := 

:= yl + aiXj_i?7j_i(a) + . . . + a j _ 1 x 1 rj 1 (a) + . . . + a,-^ 2 + . . . + a p V p 2 _ j+1 

fljia j = 2, HMeiOT MecTO paBeHCTBa ^(^_ p+ i, . . . , Y£_ pi _ p (z)) = 

^k-p+j,t- P +j(z, a). Cjie^OBaTejibHO, T p (Y*_ Pit _ p (z)) = Yj* t (z) h BbinojiHeHbi 
ycjiOBHa ,JIeiviMbi l3~5l Ilojib3yacb npeflCTaBJieHHaMH ()3.19|) n (|3.20p . mojkho noKa3aTb, 

HTO npH HeKOTOpblX 70 > 0, Co < 00 

EM^ fc (a) < C exp{-7oA;}. (3.22) 

fljia Bcex a G Q 5 , k > 1, j = 1, . . . ,p. Hojio^khm 4 := exp{ — (7 /2)fc}. Tor^a b 
CHjiy HepaBeHCTBa HeSbimeBa h (I3.22jl 

P(Af) = P(|<x M (z,a) -a M (0,a)| > 4) < P(|<x M (z, a) - a M (0, a)| x 

x|o- M (z,a)+o- M (0 ) a)| > 24) = F(|o£ t (z,a) - o£ t (0,a)| > 24) < 

/ p r p 1 \ 

^Pf^a^ ^^M;_^.(a) >24l < 2- 1 C 4| |a| |Pe 2 | |z| | 2 < 2' 1 C 5 k \\z\\l. 
Vj=l Li— i - / 



i=l 



IIojiojkhm D k := {||z|| 2 < 1Cq X exp{(7 /4)fc}}. Tor^a, corjiacHO yTBepjK^eHiiio 
JleMMbi I3.B| npn z G D k paccTOHHne no Bapnannn Mexcfly Y^ t (0) h Yj^(z) He 
npeBoexoflHT /?exp{ — (7 /4)/c}, r^e /3 := [ii^ + 2]?+l]. Tenepb oneHHM BTopoii HjieH 
b HepaBeHCTBe (|3.18j) . CHOBa BBH^y HepaBeHCTBa MeSbimeBa, 

P(Y a G D k ) < P C E(y a ) 2 exp{- l0 k/A} < P C Eel(l - \\b\U - S)' 1 exp{- lo k/A}. 

HaKOHen;, b cnjiy cjie^CTBna 13 . 1| fljia C = 2(3 + 2pC Eel(l — ||b||i — <5) _1 
K03(p(pHH;HeHT c.n. cr{Y"} n er{yf, t < 0} He npeBoexoflHT Cexp{ — (70/4) A;}. □ 

PaccMOTpHM flBa cjie^CTBna H3 ,i],OKa3aHHoro pe3yjibTaTa. IlepBoe H3 hhx ecTb 
aHajior 3B 1 -!. 

Cjie^CTBHe 3.4 IJycmb 8ah neKomopou (pyHKi^uu f eeAUHUHU /(Yq, a) 
paenoMepHO unmezpupyeMU npu a G 6 5 . Tosda 



n 



-^[/(YU a) a)] = <£(!). 



/]^OKa3aTejibCTBO. ,Hjih orpaHnneHHOH / bto yTBepjKfleHne npaivio cjie^yeT H3 
on,eHKH flHcnepcHH, cm. |171 Theorem 5.2]. ^jia o6m;ero cjiynaa ,a,ocTaTOHHO 

OrpaHHHHTb / ,I],OCTaTOHHO 60JIbHI0H KOHCTaHTOH C H BOCnOJIb30BaTbCfl paBHOMepHOH 

HHTerpnpyeMOCTbio /(Yq, a^). □ 

Cjieflyiomee yTBepjK^eHne HBJiaeTca paBHOMepHbiM no a G Q s aHajioroM Corol- 
lary 5.1 H3 [17J, ero ^OKa3aTejibCTBO aHajiornnHO. 
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Cjie^CTBHe 3.5 Ilycmb dan Henomopou gjyHKi^uu f sup Ef 4 (Y%, a) < oo. Tozda 



aee A 



sup 



n 



3aMenaHHe. JIrr o6o6iiieHH5i pe3yjibTaTa cjiencTBuu 13.31 - l3~5l Ha GARCH(p, q) 
pi aHajioruHHbie MO^ejiu BOJiaTHjibHOCTH TaKJtce mo>kho npuivieHHTb TeopeMy I3.H 
IlycTb HHTepecyioiuaa Hac MO^ejib 3a,aaeTca ypaBHerineM £f = £^(5^, 9), 
r,ne cr(z, 6 1 ) - HeKOTopaa (pHKcnpoBaHHaa (pyHKipiH, 



Tor,na b KanecTBe (pyHKiiHH Rk H3 TeopeMbi 13.11 BMecTO (hk+ q -i,t+q-i( z , 
hf; jt (z 7 9))*, KaK b CjiencTBHH 13 . 1| Ha^o paccMOTpeTb 



{hk+p-i,t+p-i{ z , 



hk,t(z, 9), C r fc+g-l,t+ ( 3-l(z, 1 



^ajibHefiinee yTOHHeHiie bbixo^ht 3a paMKH flaHHofi CTaTbii h, BepoaTHO, cocTaBHT 
Teiviy 6y,nyiHHx HCCJieflOBaHufl. 



3.2 Ou;eHKa MaKCHMyMa SMnnpHHecKoro npoijecca. 

B HacToameM pa3,oejie mm 6y,neM pacciviaTpHBaTb ceivieHCTBO CTauiiOHapHbix 
cjiyHaiiHbix npoiieccoB t G Z}, ryje r G T fljia HeKOToporo napaivieTpHHecKoro 
MHOJKecTBa T. ByneT npe,nnojiaraTbca, hto nocjie^OBaTejibHOCTb {e: t } - Ta me, hto 
h b (jl.2jl . npu Kax^oM r G T nponecc corjiacoBaH c (pHjibTpaiiiieii, o6pa30BaHHOH 
jF t := cr{. . . , £o ; £i> • • • > £t}, u £ 4 T He 3aBHCHT ot a{st+i,£t+2, ■ ■ ■}■ HanpHMep, rjisi 
CTaiiHOHapHoro penieHna ypaBHeHHfi Tnna ARCH h GARCH, hjih, 6ojiee 061110, 
fljia juo6oro npouecca BH,oa l|3.17jl 3to ycjiOBne BbinojiHeHO. ByneM Ha npoTaaceHHH 
SToro naparpacpa o6o3Ha T iaTb H[ := (^,^ T _ 1 , . . .) h sup := sup. CHanajia flOKa>KeM 

HeCKOJIbKO TeXHHHeCKHX pe3yjibTaTOB. 

JleMMa 3.6 Ilycmb r]i, r)2, ■ ■ ■ , r) n - c.e., ui,U2, ■ ■ ■ ,u n - na6op nuce/i, npuneM 
Erjf < oo, Ui > npu i = 1,2, ...,n. Ilycmb 3am neKomoposo a > 1 u 
npou360JibHux 1 < i < j < n ewnojineuo ycjioeue 

E(r] i+1 + ... + ^) 4 < (u i+1 + ... + U] ) a . 

06o3HauuM 

Si := r]i + . . . + r\i\ M n := max min(|S'j|, \S n - Si\). 

0<i<n 

Tosda djin neKomopozo K, He 3aeucsmifizo om n u nocjiedoeamejibnocmeu {r/i}, 

EM* < K( Ul + ... + u n ) a . (3.23) 

/^OKa3aTejIbCTBO. Il0 HH^iyKIIHH. llpH Tl — 1 COOTHOHieHHe H3.23jl OUeBHflHO 

cjie^yeT H3 ycjiOBHfl jieMMbi rjisi juoSoro K > 1. ycTaHOBHM ero cnpaBe^JiHBOCTb rjisi 
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npoH3BOJibHoro n. CymecTByeT TaKoe j, hto % + ... + < 1/2, Wj+i + ... + «„ < 

1/2. IlOJIOJKHM 

Mi n := max rnin(|3i|, |3,-_i - 3*|); M 2n := max min(|3' i - 3,-|, |3 n - 3j|). 

0<i<j'-l j+l<i<n 

Tor^a, KaK HecjioacHO npoBepHTb, 

M n < max(M ln + \S n - M 2n + |3,-|), 

£M 4 < E(M ln + \S n - Vi|) 4 + £(M 2 „ + | Sj |) 4 . (3.24) 

Ou,ghhm cjiaraeMbie b (J3.24D no OT^ejiBHOCTii. OGoaHaniiM it := Mi + . . . + u n . Tor^a, 
b CHjiy npe^nojio>KeHHa HH,i],yKinin h ycjiOBna jigmmbi, EM\ n < K(u/2) a , E(S n — 

Sj_l) 4 < u a . IlpHMeHHM HepaBeHCTBO MlIHKOBCKOrO: 

E(M ln + \S n - 3,_!|) 4 < (||M ln || L 4 + ||3 n - V!|| L4 ) 4 < 
< ((K(u/2) a ) 1/A + u a/4 ) A = u a (K 1/A 2- a/4 + l) 4 . 

AHajiornHHO, 

E{M 2n + 13,-D 4 < u Q (ir 1/4 2" a / 4 + l) 4 . 

I1ojio>khm K a = (2 _1//4 — 2 _Q / 4 )~ 4 . Tor^a, KaK Hecjio>KHO npoBGpiiTB, 2(iiry 4 2 _a / 4 + 
l) 4 = K a . CorjiacHO (l3~24l) . 

i?M 4 < 2u a (^ /4 2" Q / 4 + l) 4 = K a u a . 
TeM caivibiM, cnpaBefljiHBOCTb ()3.23|) ycTaHOBJieHa npii K = K a fljia Bcex n. □ 
Cjie^CTBHe 3.6 B ycAoeunx m,eope.M,u \H.(A 

EmaxSf < T~ x K a {u x + ... + u n ) a . 

i<n 

,HoKa3aTejibCTBO. 3aMeTHM, hto fljia jiioSoro 1 < i < n |3j| < min(|3j|, \S n — 
3j|) + \S n \ < M n + \S n \. Cjie^OBaTejiBHO, b CHjiy TeopeMbi 13.61 h onpe^ejieHnai^a 

EmaxS 4 < E(M n + |3 n |) 4 < (\\M n \\ L * + ||3 n || L4 ) 4 < (K 1 ^ + l)\ Ul + ...+ u n ) a < 

i<n 

< (KH A + 2 Q / 4 ) 4 ( Ml + . . . + u n ) a = 2 a ~ 1 K a (u 1 + ... + u n ) a .D 

Teopeivia 3.2 (06o6m;eHHe TeopeMbi 5.1 H3 [17J) IJycmb (fiuKcupoeanu 
6opeAeecKan tfiyHKyun f : M°° — > R, B := {Bj} c *L 1 - pa36uemie M°°, m.H. 

Bj G B(WL°°), U 1ip0U360AbH0e T G T. U.OAOMCUM /j(U) := /(U)/{U G 5j} <?a« 

U G nycmb eunoAHenu ycAoeun: 

oo 

J2(r) :=E(^/(25)) 1/4 <oo. 
i=i 

m) ,Zf/k« neKomopux N, L, 1 < d < 2 u npou360AbHux j G N, v G R 

oo 

sup |/(U)| < iVinf |/(U)|, Vsup |/(U)|/{sup |/(U)| < v} < Lv d . 
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IIojiowcum z := (zi, Z2, ...)*£ 

oo 

S£j(z) := n-V 2J £fi(ZU)lH£t < z}-G(z)}, S£(z) := JX^)" (3.25) 

i=i 

Togcta | f .V. <2as S^(z) cxodumcH e L 1 u n.H. cpa3y npu ecex z e npuneM 
E sup |5£(z)| < (8V2i^3/ 2 ) 1/4 ^(T) +n (d - 2)/4 3MW(r)- 

^OKa3aTejibCTBO. CHanajia ycTaHOBHM cxcflHMOCTb pa,a,a (|3.25j) n.H. npii KaxflOM 
z G KaK h npn ^OKa3aTejibCTBe TeopeMbi 5.1 H3 |T2j, npn noMomH HepaBeHCTBa 
Po3eHTajia (cm. [12 CTp. 23]) ycTaHaBJiiiBaeTca, hto ^Jia zGR 

£(^)) 4 < C Ef}(ES), (3.26) 



npiineM mojkho nojio>KHTb Co = 8. CorjiacHO HepaBeHCTBy MiiHKOBCKoro h ()3.2 

£|^)| < (EiSl/z))^ < Cl'\Ef^l)fl\ 

CjieflOBaTejibHO, npu jiioGmx z e M°° h n pa,n; ()3.25|) ^Jia S^(z) cxo^htcji b L . 
Cxo^HMOCTb n.H. npn Bcex z oneBHflHa, t.k. tojibko KOHenHoe hhcjio cjiaraeMbix b 

CyMMe flJIH S^(z) OTJIHHHbl OT 0. 

I1ojio>khm N = N n := n 2 n paccMOTpHM nponeccbi S^j(z) OT^ejibHO Ha 
MHOJKecTBe D n := {G~ 1 (i/N n ), i = 0,1,..., A^,} h Ha ~R\D n . JXjisi 3aBepnieHHH 
^OKa3aTejibCTBa TeopeMbi ^ocTaTOHHO npoBepnTb, hto 

E sup \S T n (z)\ < (8v / 2^ 3/2 ) 1/4 J R(r), (3.27) 

E sup \S^(z)\ - E sup |S£(z)| < n (d - 2)/i 3N d LR d {r). (3.28) 

AHajiorHHHO (13.261) mojkho noKa3aTb, hto rjih 1 < I < m < 

Effi d (m/N n ) - S:/l/N n )) 4 < C Eff(~l)(m/N n - l/N n f 2 . 

CjieflOBaTejibHO, b cnjiy yTBep>KfleHHfl cne/rcTBHa 13.61 c u% = nA^~ 1 (i?/ 7 4 (S5))~ 3 / 2 , 
a = 3/2 

£ sup |5^(*)| < (E sup < i (^)) V4 < (2 1 / 2 C K 3/2 Eff(El)) 1 /\ 

TeM caMbiM ycTaHOBJieHa cnpaBefljiHBOCTb cooTHOineHna (|3.2Tj) . riepeiifleM k 
^OKa3aTejibCTBy (|3.28l) . 06o3HaHHM a := — oo, := G~ l {i/N n ), A4 := (aj_i,Oi] 
fljifl i = 1,2,..., A^ n . SaMeTHM, hto 

sup 1^(2)1 - sup |fi^-(z)| < max sup |5£ j(z) - S£ jfa-i)], 
sup 1^(2) - S^K-l)! = 
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n 1//2 sup 



< n-^maxi/^H^)! fel{e t G AJ + nA. (3.29) 



I1ojio>khm F n := max | f(E%_ 1 ) \ 



t<n 



j(U) : = V j/{U G 5,}, j n := maxOXH^)}, ?? n := max Vl{e t e A,} + n \ 

* ' t<r> i < /V~, g * 



t<n i<iVn 



nOCKOJIbKy Pi J fe = ^i} > k J < C n N n k < N n ^ , TO n P H 71 > 2 

= fe) < N n N~ k/2 = n 2 ~ k , Er] 2 n <4 + J2 < 4 + 4 ^ 2 ~ H - 9 ' 

fc>3 fc>3 

B CHJiy ycjiOBna ii) TeopeMbi, ()3.29|) h HepaBeHCTBa Tejibflepa, jieBaa nacTb 1)3. 28j) 
He npeBoexoflHT 

jn OO 

n-^TM^supl/.-l^n-^^^supl/jl^supl/jl < NF n } < 

3=1 j=l 

< n- 1/2 N d LEr] n \F n \ d < n~ l l 2 N d L{ET 1 i J^) 1 - d l\E\F n \ A ) d ' A < 
< n- 1/2+d/i 3N d L(E\f(E T X) d/i < n^- 2 ^ i 3N d LR d (r). 
Teu caMbiM cooTHonieHiie 1)3.281) . a c hhm h TeopeMa, 13 .2| ^OKa3aHbi. □ 

Cjie^CTBHe 3.7 IJoaochcum 

OO 

3=1 

IJpednoAOMCUM, umo eunojinenu ycAoeun meopeMU I.V.M 06o3HauuM a t {r) 
KoacfkfiuVfUeHm c.n. a-aAze6p cx{/j(S[), j 6 N} u<r{/j(S5), j e N}. FIpednoAOMCUM, 

°° 1/2 

Q(r) := ( r ) < oo. ™* 

t=o 

£ sup |£° r (z)| = i?(r)[(8v / 2K 3 /2) 1/4 + n^^M^Li?^^) + (SQ(r)) 1 / 2 ]. 

zeK°° 

^HoKa3aTejibCTBO. IIojiojkhm 



S j,nK Z ) '■= H 



Tor^a, o^eBH^HO, S® T (z) = S^(z) + ^2 s T j n {zj) h HMeeT MecTO HepaBeHCTBO 

3=1 



E sup \S° n (z)\ < E sup |^(z)| + £^sup |sj, n (^)|. (3.30) 

3=1 
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IloBTopaa ,n;jia Kaxcfloro j paccyjK^eHiia flOKa3aTejibCTBa cjie^CTBHa 5.1 H3 [17J, 
nojiynaeM, hto 

zj&& L — 

n oo 

< 8(^//(hs)) 1/2 E^ /2 ^ ^ 8(^//(-5)) 1/2 E^ /2 m- 



i=0 



fc=0 



Cjie^OBaTejibHO, 



£7^sup| S J in ( % -)| < ^[£sup| S y % )| 2 ] 1/2 < 



<«(r) 



8£4 /2 (r) 



1 1/2 



fc=0 



R(t)[8Q(t)) 



1/2 



B CHJiy yTBep>KfleHHa Teopeivibi 13.21 h ()3.30|) . cjie^CTBiie ^OKa3aHO.D 

JleMMa 3.7 IJycmb rj - CAiynaunan eeAununa na (fl, J 7 , P), mancm nmo 3ah 
ueKomoposo (3 > M := Erj i+I3 < oo. IJycmb {A,-, j = 1, 2, . . .}, A,- G JF o6pa3ywm 

oo 

pa36uenue Vt. IIpednoAowcuM, umo L := (P(Aj)) /3//4 ^ 4+/3 ) < oo. Tosda 

oo 
3=1 

^OKa3aTejibCTBO. CorjiacHO HepaBeHCTBy Tejib^epa, 

Ertl A] < (E V 4+ ^ 4+/3 \P(A j )) f3 ^\ 

CjieflOBaTejibHO, 

oo oo 

J^ 4 /^) 1 / 4 < (E^) 1 /^ £(P(A,)f /4{4+/3) = M l '^L.U 
j=i i=i 

Cjieflyiomaa TeopeMa flBjiaeTca ocHOBHbiM pe3yjibTaTOM pa3,a,ejia. OHa 
ycTaHaBJiHBaeT oueHKy MaKCiiMyivia BMnnpunecKoro npouecca T n , nocTpoeHHoro no 
Ha6jnofleHHaM H3 CTauiiOHapHoro npouecca Q BH^a (??). IlycTb cpiiKCiipoBaHbi 
KOMnaKT Z C M. q h, fljia Ka>Kfloro r G Z, 6opejieBCKiie (pyHKBiin A T (x,z,U) : 
RxZx R°° — > R, A T (z, U) : Z x M°° -> R. 

TeopeMa 3.3 IJycmt> ceMeucmeo npou,eccoe {^} ydoejiemeopsiem ycAoeuHM 
cjiedcmeutt \S. % sde e nanecmee ot t {r) eucmynaem Koa^uVjUenm c.n. 
ct{(A(t, Hj), A t (x, z, Hj)), z6Z,i6l} tt ct{Sq}. IIoaomcum 3ah z G Z, x G R 

T;(x, z) := n" 1 / 2 £ A>, ^/{e* < A T (s, z, S^ 1 )}-n 1 / 2 SA T (z, H5)G(A^(x, z, HJ)). 

Ffycmb 3ah neKomopux (3 > u z° G Z eunojinenu cAedywmue ycAoeun: 
i) £ax ecex r G Z, U G M°° « x G M A r (x, z°, U) = x. 
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ii) fljin ecex r G Z, U G M°° u k = l,...,q gjyHKi^uM G(A T (x, z, U)) UMeem 
uacmnue npou3eodHue o^(x, z,U) no z k , npuueM 

sup E(dl(x, z°, HS)) 4 ^ < oo, sup E\dl(x\ z\ 3J) - d\{x 2 , z 2 , E£) | 4+/3 -> 0. 

npu Hz 1 - z 2 1| -> 0, (G^x 1 ) - G(x 2 )l -> 0. 

mj ,2f/iR r G Z, = 1, . . . , q, z G Z n ecex U G R°° d)yHKU,Utt A T (z,U) 
UMeem uacmnue npouseodnue fy£(z,U) no 2fc, npuueM 3ah neKomopou H, m.u. 
E\H(E-)\ 2 <oo, 

sup£|AV,^)| 2 < oo, |/£(z,U)| < H(U), sup J E;|^(z 1 ,S5)-^(z 2 ,HS)| 2 - 0, 

npu 1 1 z 1 — z 2 || — ► 0. 

Tosda 3am aw6ozo p > 

sup (^(x,z)±n^ 2 p||z-z ||)* = O;(l). (3.31) 

^HoKa3aTejibCTBO. CHanajia noKa>KeM, hto fljia npon3BOJibHoro (piiKciipoBaHHoro 
p > cymecTByeT 6 > 0, t.h. (|3.31|) cnpaBefljiiiBO c 3aMeHofi sup {•} Ha sup {•}, 

zGZ,xGlR Z s ,x£R 

r^e Z$ — Z fl {z : || z — z ° || i < 8}- Be3 orpaHH^eHHa o6iu;hocth 6y,n;eM cniiTaTb, 
hto z° = h Z C R+. ,I[oKa3aTejibCTBO fljia o6ni;ero cjiynaa aHajioriiHHO. By^eM 
onycKaTb BepxHufi HHfleKC r b 3anncii A T , d T k , A£, hj,. 

^OKa3aTejibCTBO fljiH cjiynaa z 6 Zj. 3a(pHKCiipyeM HeKOTopoe N G N. 
nycTb := G^Q/N), I = 0,1,..., N, A x : = fljifl U G R°°, fc = 

1, . . . , q, x G Ai, D > nojio>KHM 

^(x, U) := sup djfe(u,z,U); (^(x, U):= inf d k (v,z,U), 

h+ s (XJ) := I{H(U) < D} sup h k (z,U); h k5 (U) := I{H(U) < D} inf h k (z,U). 

zez 6 zeZ s 

IlycTb B+ := {Bf,j G N},B~ := {Br J e N} - HeKOTopbie pa36iieHiia R°°, 
KOTopbie 6y,a,yT Bbi6paHbi no3flHee. Onpe^ejiHM ^Ba BcnoMoraTejibHbix npouecca: 

T± 5 (x, z) := n- 1 ^ £ A±(z, S^Ifo < A±(x, z, 3^)}- 
-n 1 / 2 EAj(z,HS)G(Aj(x,z,H5)), 



A±(z,U) := A(0,U) + J>/^ 5 (U), 



fc=i 



^Mj^) : = SU P rf fc,5(^ U )> d M (x) := illf rf fc,5( X ' U )' 

U6B+ ueB- 
G(x) +^2^/{UG 

k=l j=l ' 

h G _1 ^oonpeflejieHa KaK G~ 1 (x) = — oo, x < 0, G _1 (x) = oo, x > 1. ^jih KpaTKOcra 

0603HaHHM 

Xf := A±(z, «± := J{e t < A±(x, z, SJLJ}. 
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IIojiojkhm Sn(D) '■= n 1 YlI{H(^t-i) — D}. 3aivieTHM, uto 

T- S (x,z) -n^MtS^D) < T n (x,z) < T n +(x,z) + n l ' 2 \\*\\ 1 SZ(D). 

JlerKO BiyieTb, hto BejiHHHHa n 1//2 sup ES^ (D) He 3&bhcht ot x h z h, b cnjiy 
ycjiOBHfl iii) h jieMMbi y .4| mojkbt Sbitb qnejiaHa ckojib yro,nHO Majioii npH 
^ocTaTOHHO 6ojibinoM D. CneflOBaTejibHO, cnpaBefljiHBOCTb (l3~3TT) c z G Z 5 6y^ 
o6ecneueHa, ecjin mm noKaaceM, uto fljia jno6oro p > cyiuecTByiOT TaKne 5 > 
0, iV G N h pa36neHHa B*, hto ^Jia Bcex / < iV 



sup 

zeZ s ,x£Ai 



T± (x, z) - n 1 ^^ _ A t Wi T] = r (1); (3 _ 32) 



pi fljia Bcex zGZj, j;GR 

EXfvf - EX^Vi < p\ \z\\. (3.33) 

Mbi flOKa>KeM ()3.32|l ^jia T+^x, z), ,njia T~ s (x, z) ,apKa3aTejibCTBO nojiHOCTbio 
aHajioriiHHO. ByneM b ^ajibHeiinieM npe^nojiaraTb, hto 1 < I < N cpHKcnpoBaHO 
h x G A\. 

Pa36ueHHe B + 6y,neM BbiSupaTb cjieflyioinuM o6pa30M. 3a(pHKcnpyeM HeKOTopoe 
s > 0, h nojioJKHM 6j := (exp{s(j — 1)} — 1) flJia j > 1. IlycTb j \— > (mi(j), . . . ,m q (j)) 
- Tanaa HyMepainia N 9 , hto max (m;(j)) He ySbiBaeT. IIojicokhm fljia j = 1, 2, . . . 

l<j<m 

5+ := {U G ]R°° : |d+,(a^, U)| G fc^+i), fc = 1, . . . , g}. 

<J>HKCHpyeM npoH3BOJibHbie Uj G Tor^a ,a,Jia Bcex U G Bj~ Aj~(x, z,U) = 
A^"(a;, z, Uj). IIojiojkhm 



A+(x, z) := A+(x, z, U,), r := (a+(x, z), A+ 2 (x, z), . . 



G 



/°(U) = A(0,U), ^ = 1, / fc (U) = ^ 5 (U), k = l,...,q. 
Tenepb b o6o3HaHeHHax TeopeMbi 13.21 mo>kho 3anncaTb: 

q oo 

T+ a (x, z) - n^AlV - EXTEv;) = J> £ E G x 

fc=o j=i 

x[/*(S^ x )J{ et < r,} - £ , /*(H5)G(r 3 -))] = Sf B (r) + £**5£,(r), 

fc=i 

IlpoBepHM, hto npn = 0, 1, . . . , g fljifl / fc BbinojiHHiOTca ycjiOBua i) h ii) TeopeMbi 
13.21 SaMeTHM, hto 

E^^( s o)] 4 ) 1/4 = E( E ^( H s)mssG5;}) . (3.34) 

j=0 i=0 
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^jia oueHKii npaBOH Hac™ (|3.34j) BOcnojib3yeMca jicmmoh 13.71 IIpoBepiiM, hto 
BbinojiHeHO ee ycjiOBiie c Aj = {Hq G Bj~}, r] = d^ s (xj,E^), IIojiojkhm M k : = 
E[dt/x h ~5)] 4+<5 , M := Mi + . . . + M q , 

m max ( j ) : = max m k (j ) , k max ( j ) : = argmax m k (j ) . 

3aMGTHM, hto corjiacHO HepaBeHCTBy HeSbiineBa 

P(~5 G Bf) < P(\d+ maxU) /x h ~l)\ > b mmax(j) ) < [b mmaxU) ]- 4 - S M kmax(jh 
h, corjiacHO onpe^ejieHHio {bj} h B3aiiMHOH 0flH03HaHH0CTH OTo6pajKeHHa m : N — > 

oo oo 

i=l j=i 



oo 



< M 5/(4+<5) J2{m g - (m- < 



m=l 

oo 



< M -5/(4+5) ^( m ? - ( m - I)?) eX p(-5sm) < oo. 

m=l 

HTaK, b CHJiy jieiviMbi 13771 vcjiOBiie i) Teopeivibi l3.2l BbinojiHeHO. IlpoBepHM, hto nivieeT 
MecTO ii) (c N = exp{s}). C yneTOM KOHKpeTHoro BH,n;a MHOJKecTB {Bj~} flocTaTOHHO 
npoBepHTb, hto HeKOTopbix d < 2, L < oo h jiio6bix / G N, k = 1, . . . ,q 



J2(m q -(m-l) q )b m <Lbf. 

m=l 

Ho, fleficTBHTejibHO, npn Bcex I G N 

I i 
^2(m q - (m - l) 9 )6 m < ^(m 9 - (m - !)*)&, < < L6; 



m=l m=l 



fljia npoH3BOJibHoro d > 1, L := ^ax-^ 9 exp(s/(<i — 1))}. HTaK, ycjiOBiia 

TeopeMbi 13.21 BbinojiHeHbi (Tpe6yeMoe ycjiOBiie Ha KOSCpcpHipieHT an. BbinojiHeHO 
aBTOMaTHnecKH, Tax KaK Ka>K^aa H3 (pyHKurra I{XJ G B^"}/ fc (U) BbipajKaeTca nepe3 
Ah A). B CHJiy TeopeMbi 13.21 HMeeM 

sup \T+ S (x, z) - n^E[X+vt - X^} \ < 

||z||<5,seR 

< sup |^;(r)| + s^2 l^°;(r)| = o;(i). 

r£R°° k=1 rGR°° 

TeM caMbiM cnpaBe^jiHBOCTb (|3.32|) ^OKa3aHa. nepeiyjeM k cooTHonieHiuo (13.331) . 
npeo6pa3yeM jieByio nacTb <|3.33|) cjie,n;yioni;HM o6pa30M: 

\EXtvf - EX^Vi \ < E\Xt\[vt -Vi] + E\Xt - Ar>i~- (3-35) 
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BTopoe cjiaraeivioe b ()3.35|) orpamiHeHO CBepxy BejiiiHiiHoii 2E[Xf — A^], hto, 

q 

b cbok) onepe^b, He npeBoexo^HT 2||z||i E[h^ s (Eo) — CorjiacHO 



ycjiOBHio iii), nocjieflHaa cyMMa MO>KeT Sbitb qzjejiaHa ckojib yro^HO MajieHbKoft 
cooTBeTCTByiomeM Bbi6opoM 6. On,eHHM Tenepb nepBoe cjiaraeivioe. 3aMeTHM, hto 
fljia j = 1,2,..., = 1, . . . , g h jiio6bix x <E Ai, G -B^ BbinojiHeHO cooTHonieHne 
d kS (x, U-) G [6m fe (j)) ^m fe (j)+i]- Cjie^OBaTejibHO, npn Tex )Ke j, fc, x, U 1 * 1 BepHO, hto 
< ±(df SJ (xi) - df/x,^)) < (b mk{j)+1 - b mk{j) ). HivieeM: 

E\X+\[vt - «r] = S|A+|[G(A+(x,, z, SJ)) - G(Aj(x If z, H£))] < 

oo p 5 <J 

< £|A+| £ G B/} £ ^dj^x,) - G 57} ^ «*d^(a;, 

i=i L fc=i fc=i 

(00 g 
^(/{^ G 5/} + G 57}) J> mfc(i)+ i " b m k U)] + 
j=l k=l 

k=l ' 



< \\z\\ooE\\f 



l)(\d+ (x h El)\- 



+ \dkA x i> E o)\) + [ d tA x i> S o) - d kA x h s o)l 



(3.36) 



^jia ^OKa3aTejibCTBa Ij3.33 J) ^ocTaTOHHO noKa3aTb, hto KOScpcpiiuiieHT npn \\z\\oo B 
()3.36|) CTpeMHTca k npu s, 5 — > 0. 3to Hecjio>KHO npoBepHTb, ncnojib3ya ycjiOBiie 
ii). 

^OKa3aTejii>CTBO A-* 151 o6m;ero cjiynaa. IlycTb (pHKcripoBaHO HeKOTopoe 
p > 0. Tor^a, KaK 6bijio noKa3aHO Bbinie, rjisi HeKOToporo 5 cooTHOineHPie (|3.31j) 
BbinojiHeHO c z G Z$. IIojicokhm 7 := 5p/4. I1ojio>khm A(U) := |A(0, U)| + 
diam(Z)H(U), Tor^a ^Jia Bcex z 6 Z h U 6 T |A(z,U)| < A(U). CyinecTByiOT 
a > 0, N m pa36neHHe Z = Zi U . . . U Zjy, Zi G Z 1; . . . , z^ G Zjy, a TaioKe 
—00 = xq < X\ < . . . < Xn = 00, TaKiie hto pjisi jiioSmx l,m < N 

E sup |A(z,SJ) - A(z ro ,SJ)| <7, 

EA(E T ) sup |G(A(z,z,SS)) - G(A(x h z m ,El))\ < 7, 

r^e A; := (x;_i,X;]. riojico-KHM npii jiioSmx 1 < m, / < N, U G IR 00 h Bcex x G 
A, z G Z m 

A+(z,U):= sup A(z + ,U), A"(z,U):= inf A(z_,U), 
z+GZ m z-ez m 

A + (x,z,U):= sup A(x+,z + ,U), A~(z,z,U):= inf A(x_,z_,U). 

A ; xZ m A;xZ m 

T±(x, z) := n- 1 / 2 £ A ± (z, E^Ifo < A ± (x, z, 5^)}- 
-n 1 / 2 EA^(z,H5)G(A^(x,z,S5)). 
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/Lis KpaTKOCTH npiiivieM TaK>Ke \±(U) = \ ± (z°> m , U), A^(C/) = A^x/, z°' m , [/). 
Hecjio>KHO noKa3aTb, hto fljia jno6bix 1 < m, I < N 

T±{x h z ' m ) =F n^E[\l (HS)G(A+ ,(££)) - A" (SJ)G(A- ,(-£))] = 0;(1). (3.37) 

3aivieTHM, hto corjiacHO onpe^ejieHHio {xi} h {z m } 

S[A+(SS)G(A+,(3S)) - A^(SS)G(A^(S5))] = 

= ^A+(SS)[G(A+,(SS)) - G(A^(H5))]+ 
+^[A+(5S) - A-(S£)]G(A- ,(S-)) < 2 7 + 2 7 = 4 7 . 
Cjie^OBaTejibHO, b cnjiy (|3.37B h onpe^ejieHna A^ h A^ ; , 

sup (T n (x,z) ±n 1/2 p||z||) T < sup (T*(x,z)±n 1/2 p6) T < 

z£Z\Z s ,x£R zeZ\Z s ,xeM 

< max sup (^(x / ,z m )±n 1 /V) T < ma» : n^A^G^ (SJ))- 

"M<^A iX Z m m,J<AT 

-J5AT(35)G(A^(3S)) ± p*]* + o;(i) = o;(i).n 
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